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Massive Dirac particles are a superposition of left and right chiral components. Since chirality is
not a conserved quantity, the free Dirac Hamiltonian evolution induces chiral quantum oscillations, a
phenomenon related to the Zitterbewegung, the trembling motion of free propagating particles. While
not observable for particles in relativistic dynamical regimes, chiral oscillations become relevant
when the particle’s rest energy is comparable to its momentum. In this paper, we quantify the
effect of chiral oscillations on the non-relativistic evolution of a particle state described as a Dirac
bispinor and specialize our results to describe the interplay between chiral and flavor oscillations
of non-relativistic neutrinos: we compute the time-averaged survival probability and observe an
energy-dependent depletion on the quantity when compared to the standard oscillation formula. In
the non-relativistic regime, this depletion due to chiral oscillations can be as large as 40%. Finally,
we discuss the relevance of chiral oscillations in upcoming experiments which will probe the cosmic
neutrino background and their role as an exclusive test for Dirac neutrinos.
I. INTRODUCTION
Dirac equation has unique dynamical predictions for fermionic particles. From the Klein paradox [1, 2], related
to pair production in scattering problems, to the Zitterbewegung, the trembling motion of free relativistic states [3].
Formally, the solutions of the Dirac equation are given in terms of 4-component spinors, or Dirac bispinors. From a
group-theoretical perspective, those objects belong to the irreducible representations of the complete Lorentz group
and are constructed by combining Weyl spinors of different chiralities [4]. Any Dirac bispinor has left and right-
chirality components which are dynamically coupled by the mass term of the Dirac equation. Since a bispinor with
definite chirality cannot be an eigenvector of the massive Dirac Hamiltonian, the free evolution of such state will
induce left-right chiral oscillations [5]. The degree of left and right chirality superposition in a Dirac bispinor depends
on the energy to mass ratio, thus chiral oscillations are usually not relevant for the description of relativistic particles,
but are prominent for dynamical regimes in which the momentum of the particle is comparable to (or smaller than)
its mass.
The non-relativistic regime is also interesting for exploring the connection between the Zitterbewegung effect and
chiral oscillations. As discussed in [6], the trembling motion of free Dirac particles has an intimate relation to chiral
oscillations. Both are related to the fact that a state with initial definite chirality must be described as a superposition
of positive and negative energy solutions of the Dirac equation. Although the Zitterbewegung effect is associated to
a fast frequency, which is averaged out in typical high energy systems, it has already been considered to explain the
Darwin correction term in hydrogenionic atoms [2] and it has been probed in Dirac-like systems, such as graphene [7]
and trapped ions [8, 9]. For example, the graphene analogous to the Zitterbewegung [10] can be measured via laser
excitations [11]. While mono-layer graphene is described by the massless Dirac equation, bilayer graphene displays
effects associated to the mass term of the Dirac equation [7] plus an effective non-minimal coupling [12], and is a
system in which chiral oscillations and their relation to the Zitterbewegung could be probed.
In this paper, we are concerned with the non-relativistic limit of chiral oscillations within the framework of the Dirac
equation. Since the chiral oscillation amplitude depends on the mass to energy ratio [13, 14], the minimum survival
probability of an initial state with definite chirality could be averaged out in the non-relativistic limit. Therefore, in the
non-relativistic limit we specialize our discussion to (Dirac) neutrinos which indeed are ideal candidates for the study
of chiral oscillations due to the chiral nature of weak interaction processes in which they are produced and/or detected
[15]. Cosmic Neutrino Background (CνB) is an important example of neutrinos in non-relativistic regime. The CνB
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2is the neutrino counterpart of the Cosmic Microwave Background (CMB) for photons: it is composed by decoupled
relic neutrinos evolving in an expanding background [15]. The PTOLEMY project[16] aims at detecting the CνB via
neutrino capture on tritium, a goal which should be reached within the next years. In previous studies[17, 18], it has
been noticed that the expected event rate of CνB capture on tritium depends strongly on the nature of neutrinos:
Majorana or Dirac. This is due to the fact that neutrinos are produced at decoupling as (left) chirality eigenstates;
weak interaction processes underly also the CνB measurement, which is thus sensitive only to the left chiral neutrinos.
It was shown that roughly a factor two is expected for the ratio Majorana/Dirac. We show that such a depletion
for Dirac neutrinos can be understood as a manifestation of chiral oscillations and give a precise quantification of it.
Thus, chiral neutrino oscillations can be regarded as a test for Dirac neutrinos, allowing to shed light on the very
nature of such particles, one of the main open problems in particle physics [19–21]
Although the interplay between chiral and flavor oscillations is very small in the ultra-relativistic regime [13, 14,
22, 23], it is relevant for describing dynamical features of non-relativistic neutrinos. We describe chiral oscillations
in the context of two-flavor neutrino propagation, including flavor oscillations. In particular, we compute the effects
of chiral conversion on the averaged flavor oscillation, that is, the survival probability of a neutrino of a given flavor
averaged over one period of flavor oscillation. The chiral oscillations corrections are relevant when the momentum
is comparable to the lowest mass and, in the non-relativistic regime, the maximum difference is 40%, a prediction
consistent with the preliminary discussion pointed in [18] in connection with CνB detection. To highlight the main
dynamical features associated to this phenomenon, we adopt a simple plane wave description and leave a more realistic
treatment involving wave packets [13, 14, 23] for future work.
II. CHIRALITY AND CHIRAL OSCILLATIONS IN BISPINOR DYNAMICS
Through this paper we will describe dynamical features of free massive fermionic particles in the context of rela-
tivistic quantum mechanics. We thus consider the temporal evolution as given by the Dirac equation (hereafter we
adopt natural units ~ = c = 1)
HˆD |ψ〉 =
(
pˆ · αˆ+mβˆ
)
|ψ〉 = i∂t |ψ〉 , (1)
where pˆ is the momentum operator, m is the particles mass. The operators αˆi (i = x, y, z) and βˆ are the 4× 4 Dirac
matrices satisfying the anti-commutation relations αˆiαˆj + αˆiαˆj = 2δij Iˆ4, αˆiβˆ + αˆiβˆ = 0, and βˆ
2 = Iˆ4.
In the language of group theory, Dirac equation is the dynamical equation for the irreducible representations of
the complete Lorentz group1, which are the well-known Dirac bispinors [4]. These are constructed by means of the
irreducible representations of the (proper) Lorentz group, the Weyl spinors. The later belong to the irreps of a
group isomorphic to the SU(2) and as such they carry an intrinsic degree of freedom - the spin. The elements of
the two disconnected irreps of the proper Lorentz group are labeled as left and right-handed spinors. Since parity
connects the left and right representations, the irreps of the complete Lorentz group is obtained by combining these
representations, and thus the Dirac bispinors carry not only the spin, but also another intrinsic discrete DoF, the
chirality. Any massive Dirac bispinor is thus a combination of left and right-handed spinors.
Turning our attention to the Dirac equation framework, chirality is the average value of the chiral operator
γˆ5 = −iαˆxαˆyαˆz. While such operator commutes with the momentum term of the Dirac Hamiltonian, it does not
commute with the mass term and thus it is not a dynamically conserved quantity for bispinor states describing mas-
sive particles. This can be better appreciated by considering the chiral representation of the Dirac matrices, in which
γˆ5 = diag{Iˆ2,−Iˆ2}2. Any bispinor |ξ〉 can be written in this representation as
|ξ〉 =
[|ξR〉
|ξL〉
]
, (2)
where |ξR,L〉 are, respective, the positive (right-handed) and negative (left-handed) chirality two-component spinors.
The Dirac equation HˆD |ξ〉 = i ˙|ξ〉 can then be written as
pˆ · σˆ |ξR〉+m |ξL〉 = i∂t |ξR〉 ,
−pˆ · σˆ |ξL〉+m |ξR〉 = i∂t |ξL〉 , (3)
1 The complete Lorentz group is the proper Lorentz group plus Parity.
2 In the chiral representation αˆ =
[
σˆ 0
0 σˆ
]
and βˆ =
[
0 Iˆ2
Iˆ2 0
]
.
3from which it is clear that the mass term mβˆ connects the left and right-handed components of the bispinor.
For a given initial state, the free Dirac Hamiltonian HˆD will induce left-right chiral oscillations. In order to
describe this dynamical effect we first introduce the positive and negative plane wave solutions of the Dirac equation,
|ψ+(x, t)〉 = eip·x−iEp,mt |us(p,m)〉 and |ψ−(x, t)〉 = e−ip·x+iEp,mt |vs(p,m)〉 which are given in terms of the bispinors
|us(p,m)〉 =
√
Ep,m +m
4Ep,m
(1 + p·σˆEp,m+m) |ηs(p)〉(
1− p·σˆEp,m+m
)
|ηs(p)〉
 , |vs(p,m)〉 =
√
Ep,m +m
4Ep,m
 (1 + p·σˆEp,m+m) |ηs(p)〉
−
(
1− p·σˆEp,m+m
)
|ηs(p)〉
 , (4)
where Ep,m =
√
p2 +m2. In the above equations |ηs(p)〉 is a two component spinor that depends on the spin polariza-
tion of the particle. We notice that the orthogonality relations read: 〈us(p,m)|vs(−p,m)〉 = 〈vs(−p,m)|us(p,m)〉 =
0, 〈us(p,m)|us(p,m)〉 = 〈vs(p,m)|vs(p,m)〉 = 1. For now on, we describe the solutions of the Dirac equation with
helicity bispinors, that is, we assume that |ηs(p)〉 are eigenstates of the Helicity operator p·σˆp . This choice is conve-
nient since helicity is a conserved quantity and all the relevant dynamical features will be entirely related to chiral
oscillations. Moreover, we simplify our analysis by considering one-dimensional propagation along the ez direction,
such that
|u±(p,m)〉 =
√
Ep,m +m
4Ep,m
(1± pEp,m+m) |±〉(
1∓ pEp,m+m
)
|±〉
 , |v±(p,m)〉 =
√
Ep,m +m
4Ep,m
 (1± pEp,m+m) |±〉
−
(
1∓ pEp,m+m
)
|±〉
 , (5)
where |±〉 are the eigenstates of the Pauli matrix σˆz. For ultra-relativistic particles m/p→ 0 positive helicity bispinors
will have only right-handed components while negative helicity bispinors will have only left-handed components. On
the other hand, for p/m→ 0 the left and right-handed components are equal irrespective of the helicity.
We now turn our attention to the chiral oscillations by considering the temporal evolution of the initial state
|ψ(0)〉 = [0, 0, 0, 1]T which has negative helicity and negative chirality: γˆ5 |ψ(0)〉 = − |ψ(0)〉. As we are dealing with
plane wave states propagating one-dimensionally, we focus our attention on the dynamical evolution in momentum
space [14]. The time evolved state |ψm(t)〉 is then given by
|ψm(t)〉 = e−iHˆDt |ψ(0)〉
=
√
Ep,m +m
4Ep,m
[(
1 +
p
Ep,m +m
)
e−iEp,mt |u−(p,m)〉 −
(
1− p
Ep,m +m
)
eiEp,mt |v−(−p,m)〉
]
,
(6)
Chiral oscillations will thus be generated by the massive character of the particle and by the fact that the initial state
is a superposition of positive and negative energy eigenstates of the Dirac Hamiltonian. The later is also responsible
for the relation between chiral oscillations and the Zitterbewegung effect [6]. The survival probability of the initial
state P(t) is given by
P(t) = | 〈ψm(0)|ψm(t)〉 |2 = 1− m
2
E2p,m
sin2 (Ep,mt) , (7)
while the (transition) probability of being in a positive chirality state is given by
PT (t) = 1− P(t) = m
2
E2p,m
sin2 (Ep,mt) , (8)
and the average value of the chiral operator 〈γˆ5〉(t) reads
〈γˆ5〉(t) = 〈ψm(t)|γˆ5 |ψm(t)〉 = −1 + 2m
2
E2p,m
sin2 (Ep,mt) . (9)
According to (7) the minimum survival probability is Pmin = 1− m2E2p,m and the frequency of the chiral oscillations is
(in natural units) Ep,m. The corresponding period of one chiral oscillation is thus τCh = 2pi/Ep,m and as the particle
propagates freely, the length corresponding to one chiral oscillation can be evaluated as lCh = pτ/Ep,m = 2pi
p
E2p,m
. In
Fig. 1 we show Pmin as a function of p/m (a) and lCh in meters as a function of p for several mass values (b). For
non-relativistic states, i.e. states for which p ∼ m, chiral oscillations play an important role and affect significantly
the probability of the state to be in its initial configuration. In fact, for p  m the minimum survival probability is
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FIG. 1: (a) Minimum survival probability as a function of the momentum p in units of mass; (b) Chiral oscillation length as a
function of the momentum for different values of the mass.
Pmin ∼ p
2
m2 which vanishes as p→ 0. In this case, since the eigenspinors are a maximal superposition of left and right
chiralities, the free evolution will induce a complete oscillation from left to right chiral components. This can also be
seen in (9): for m ∼ Ep,m the oscillations of the average chirality have the maximal amplitude between the initial
value −1 and 1. For p m chiral oscillations are less relevant for the state dynamics and in the limit p→∞ chirality
and helicity coincide, thus the eigenspinors (5) have definite chirality. In fact (9) is constant in the later limit. The
chiral oscillation length lCh is shown in Fig. 1 (b) for several values of the mass. For masses in the range of eV/c
2,
the expected chiral oscillation length is of the order of 1~c/eV ∼ 10−6 m.
III. FLAVOR MIXING AND CHIRAL OSCILLATIONS IN NON-RELATIVISTIC REGIME
We now describe the effects of chiral oscillations in non-relativistic neutrino mixing. The state of a neutrino of
flavor α at a given t is given by the superposition of mass states:
|να(t)〉 =
∑
i
Uα,i |ψmi(t)〉 ⊗ |νi〉 , (10)
where U is the mixing matrix, and |ψmi(t)〉 are the bispinors describing the temporal evolution of the mass eigenstate
|νi〉 with mass mi [13, 14]. The state at t = 0 reads
|να(0)〉 = |ψ(0)〉 ⊗
∑
i
Uα,i |νi〉 = |ψ(0)〉 ⊗ |να〉 , (11)
with |να〉 ≡
∑
i Uα,i |νi〉 and thus |ψmi(t = 0)〉 = |ψ(0)〉. Since weak interaction processes only create left handed
neutrinos, for now own, we take |ψ(0)〉 as the left handed bispinor with negative helicity of the last section. The
temporal evolved flavor state is therefore
|να(t)〉 =
∑
i
∑
β
Uα,iU
∗
β,i |ψmi(t)〉 ⊗ |νβ〉 , (12)
and the survival probability, i.e. the probability of the state |να(t)〉 to be a left-handed state of α flavor, is given by
Pα→α = | 〈να(0)|να(t)〉 |2 = |
∑
i
|Uα,i|2 〈ψ(0)|ψmi(t)〉 |2. (13)
For two flavors mixing, the time evolution of an initial electron neutrino state is explicitly given by [14]
|νe(t)〉 =
[
cos2(θ) |ψm1(t)〉+ sin2(θ) |ψm2(t)〉
]⊗ |νe〉+ [|ψm1(t)〉 − |ψm2(t)〉] sin(θ) cos(θ) |νµ〉 , (14)
and the survival probability can be decomposed as
Pe→e(t) = PSe→e(t) +Ae + Be. (15)
In this formula PSe→e(t) is the standard flavor oscillation formula
PSe→e(t) = 1−
1
2
sin2(2θ) sin2
(
Ep,m2 − Ep,m1
2
t
)
(16)
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FIG. 2: Survival probability Pe→e(t) as a function of time. The black curves indicate the standard survival probability formula
(16) and the red curves depict the full formula including the fast chiral oscillations (depicted in the insets). Parameters:
sin2 θ = 0.306, m22 = ∆
2
21 +m
2
1, with ∆
2
21/m
2
1 = 0.01.
and
Ae = −
[
m1
Ep,m1
cos2(θ) sin (Ep,m1t) +
m2
Ep,m2
sin2(θ) sin (Ep,m2t)
]2
,
Be = 1
2
sin2(2θ) sin(Ep,m1t) sin(Ep,m2t)
(
p2 +m1m2
Ep,m1Ep,m2
− 1
)
,
(17)
are correction terms due to the bispinor structure. Those corrections are in agreement with results presented in
the literature [22] and they include an interplay between chiral and flavor oscillations effects. While the standard
flavor oscillations have a time scale set by the energy difference Ep,m2 − Ep,m1 , chiral oscillations depend roughly on
the mass-momentum ratio (see the previous section). The terms Ae and Be depend non-trivially both on the energy
difference and on the individual energies Ep,m2 and Ep,m1 . In the limit p m1,2, Ep,m2−Ep,m1 ∼ m2−m1+O[p2/m]
and if the mass difference is |m2 −m1|  m2,1 or  m2,1, there will be no interference effects between flavor and
the chiral oscillations. Those phenomena can be individually identified in the survival probability. If |m2 −m1| is
comparable to one of the masses, there will be an interference between flavor and chiral oscillations. In a quantum
field theory framework, a term ∝ sin ((Ep,m2 + Ep,m1)t/2) is added to the survival probability [25, 26], which formally
has a similar origin to the usual Dirac Zitterbewegung, being originated from the fact that the flavor ladder operator
has contributions from both particle and antiparticle operators of the massive fields.
We show the survival probability (15) in Figure 2 for several values of p/m. As already anticipated in the previous
section and in [13, 14, 23], the chiral oscillations induce just small corrections to the state’s dynamics in the ultra-
relativistic regime p  m. For the non-relativistic regime p / m1,2, the full oscillation formula differs significantly
from the standard result due to the high amplitude chiral oscillations. For the parameters of Figure 2, the mass
difference is very small, and the flavor oscillations have a time scale much longer than the chiral oscillations.
A. Chiral oscillations effect on the average flavor oscillation
We now evaluate quantitatively the effects of chiral conversions on averaged flavor oscillations. Given the different
time scales of the flavor and chiral oscillations, we consider the averaged survival probability over one flavor oscillation,
defined as
P¯e→e = 1
τ21
∫ τ12
0
Pe→e(t), (18)
where τ12 =
4pi
Ep,m2−Ep,m1 is the period of one flavor oscillation according with the standard formula (16). The time
integration of (15) leads to
P¯e→e = 1− sin
2 (2θ)
4
[
1 +
f21
4pi
sin
(
4pi
f21
)(
p2
Ep,m2Ep,m1
− 1
)]
− 1
2
(
m21
E2p,m1
cos4 θ +
m22
E2p,m2
sin4 θ
)
+
f21
4pi(1− f221)
sin
(
4pi
f21
)[
(1 + f21)
m21
E2p,m1
cos4 θ + (1− f21) m
2
2
E2p,m2
sin4 θ
] (19)
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4
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2
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Fig. 2.
with f21 = (Ep,m2 − Ep,m1)/(Ep,m2 + Ep,m1). Considering that the average of the standard oscillation formula (16)
is given by
P¯Se→e = 1−
sin2 (2θ)
4
(20)
one concludes that the quantity P¯Se→e − P¯e→e contains all the chiral oscillation effects on the averaged survival
probability, and therefore properly quantifies the effects of chiral oscillations on flavor oscillations.
In Figure 3 we show the difference P¯Se→e − P¯e→e as a function of the neutrino momentum and the squared mass
difference and as a function of p/m1 for fixed values of the squared mass difference. The difference between the
averaged standard probability and the full one becomes & 0.1 for p . m1, indicating the influence of the chiral
oscillations on the flavor oscillations. In the non-relativistic regime, the difference between the probabilities can be as
big as ∼ 40% for typical values of the mixing angle. Moreover, we notice that for bigger values of the mass difference,
oscillations in the probability (with the momentum) are observed. This is due to the terms ∝ f21 sin (4pi/f21) in
(19), which depends also on the sum of the energies, and oscillates with the momentum when m1 and m2 are well
separated. In the ultra-relativistic regime p  m2,1, we can expand the full averaged formula (19) with respect to
m2,1/p as to have
P¯URe→e = P¯e→e(p m2,1) = P¯Se→e +
∆221
4p2
cos(2θ)− Σ
2
21
4p2
[
1− sin
2(2θ)
2
]
+O[m41,2/p4], (21)
The corrections to the standard result are thus proportional to both the squared mass difference ∆221 = m
2
2−m21 and
to the squared mass sum Σ221 = m
2
2 +m
2
1. The inset of Fig. 3(b) depicts the corrections P¯Se→e − P¯URe→e in logarithmic
scale.
B. Chiral oscillations as a test for Dirac neutrinos
Since chiral oscillations are intrinsic to Dirac particles, only Dirac neutrinos exhibit the modifications to the averaged
standard survival probability (19). We assume that the initial neutrino state is a left-handed chiral eigenstate, as a
consequence of the properties of weak interactions, in which neutrinos are created. Since we are interested in a simple
physical model, we do not address here questions related to the production of the initial state (such as its localization
features). Also measurement processes via weak currents will involve chiral projections.
In the proposal of non-relativistic neutrinos detection [16–18], it was found that the nature of neutrinos (Dirac or
Majorana) influences directly the experiment’s measurement rate. This is indeed a consequence of chiral oscillations,
which we have studied and quantified in detail in the present paper. Therefore, the measurement of non-relativistic
neutrinos is an exclusive test for Dirac neutrinos: a reduced flux indicates oscillations to right-handed components
7(insensitive to weak interaction-based measurements), which are exclusive for Dirac particles. This represents a
novel approach to the open problem of distinguishing Dirac from Majorana neutrinos, which has been studied mostly
within the framework of the neutrinoless double beta decay [19–21]. We stress that both phase and amplitude of chiral
oscillations Eq.(7) depend on neutrino’s energy, allowing thus for a unambiguous identification of this phenomenon
(and consequently of neutrino identity), in contrast with the simple suppression factor discussed in Refs.[16–18].
As for the observability of such an effect we note that, in connection to the aforementioned proposal [16–18],
neutrinos from the CνB are expected to be extremely non-relativistic and therefore subject to chiral oscillation
effects. The current temperature of the CνB TCνB is related to the temperature of the cosmic microwave background
(CMB) TCMB via TCνB ' (4/11)1/3TCMB ∼ 0.168 meV. Since neutrinos maintain a Fermi-Dirac like distribution after
decoupling [24], one can obtain the root mean square momentum as p¯0 ∼ 0.603 meV [17]. Considering the lightest
mass as m1 ∼ 0.1 eV, these values would give the maximum effect persisting for m1 down to the meV order.
IV. CONCLUSIONS
In this paper we have described dynamical features of chiral oscillations in the non-relativistic regime, both from a
general perspective including their relation with Zitterbewegung, to the study of flavor oscillations for non-relativistic
neutrinos. Such framework is especially interesting for upcoming experiments that will be capable to measure the
CνB [16], for which chiral oscillations should have a prominent influence.
We considered the free plane wave propagation of an initial left-chiral state, as those generated, for example, via
weak interactions. The left-right chiral oscillations are induced by the mass term of the Dirac equation, and we
computed the characteristic oscillation length in the non-relativistic limit: in this regime, the survival probability of
the initial state could vanish. For masses of the order of eV, the chiral oscillation length is ∼ 10−6m.
We then specialized our results to describe chiral oscillations in neutrino propagation by considering a two-flavor
problem and described flavor states within the Dirac bispinor framework. While, as discussed in [13, 14, 22, 23],
such corrections are negligible for ultra-relativistic particles, we verified that chiral oscillations are relevant in the
non-relativistic dynamical regime. We obtained a modified flavor oscillation formula including the chiral oscillations
effects, compatible with known results in the literature [22]. While the standard flavor oscillation term goes with the
mass eigenstate energy difference, chiral oscillations depend on the individual energies of the mass eigenstates.
To quantify the effects of the chiral oscillations, we computed the averaged survival probability and observed that,
for non-relativistic neutrinos, chiral oscillations can affect averaged flavor oscillations up to ∼ 40% of the standard
value. This is especially relevant for upcoming CνB tests which will probe non-relativistic neutrinos. Moreover, since
chiral oscillations are exclusive to Dirac particles, the difference between the full survival probability and the standard
predictions can be used as a new probe on the nature of such particles: Dirac or Majorana[19].
While our results were derived for two flavors, the extension of the formalism to three flavors is straightforward with
qualitatively similar conclusions. Moreover, wave packets can be readily considered [14]. In these case, there would
be additional effects which also have a non-trivial influence in flavor oscillation. Finally we would like to point that
the formalism adopted here is an effective description: flavor oscillations are correctly described in the framework of
quantum field theory [25, 26], to which we plan to extend our treatment in the future.
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